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Abstract— We present a decentralized adaptive control strat-
egy for collective payload transport by differential-drive robots
with manipulator arms. The controllers only require robots’
measurements of their own heading and velocity and their ma-
nipulator angle and angular velocity, and the only information
provided to the robots is the target speed and direction of
transport. The control strategy does not rely on inter-robot
communication, prior information about the load dynamics and
geometry, or knowledge of the number of robots and their
distribution around the payload. We first design the desired
manifolds of motion for the entire system such that they are
compatible with the holonomic constraints between the robots
and the payload. Then, we design adaptive controllers for a
team of differential-drive robots that initially grasp a payload
in an arbitrary configuration. We also analytically establish
the stability and convergence of the system trajectories to the
desired payload motion. We demonstrate the effectiveness of
the proposed controllers through 3D physics simulations with
realistic dynamics.

I. INTRODUCTION

Autonomous multi-robot systems have many potential
applications in cooperative manipulation tasks that are con-
ducted in GPS-denied, unstructured, uncertain environments.
This type of task can arise in scenarios such as search-and-
rescue operations, disaster response, and assembly, transport,
and construction in remote or hazardous environments. Such
applications will require robot control strategies that rely on
minimal information and are robust to uncertainties in the
payload dynamics. Toward this end, we present, analyze,
and simulate a novel decentralized control scheme based on
an adaptive control approach. We develop controllers that
are comprised of two components, a stabilizing term and a
regression-based term which is updated by an adaptation law.

A variety of control methods have been proposed for
collective transport tasks in which there is no inter-robot
communication. Some of these are leader-follower schemes,
such as the control approaches presented in [2], [3], [4].
Other works consider the scenario in which all robots in
the transport team are assumed to have the same type of
information and follow identical controllers, which is the
case that we address in this paper. In [5], a decentralized
approach to cooperative transport is proposed in which the
load is significantly larger than the robots, which push the
load to the goal when their line of sight to the goal is
occluded by the load. The works in [6] and [7] consider
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Fig. 1. Simulated Pheeno robots [1] performing a collective transport task.

transport of a flexible load, in which the reaction force
between the robot and the load is modeled as the gradient
of a nonlinear potential that describes the load deformation.
In [8], the load weight is distributed among robots with
heterogeneous load-carrying capabilities, and the load is
driven along a desired trajectory. Robot control policies that
replicate collective transport behaviors observed in ants are
proposed in [9], [10]. In [11], all the robots know the target
direction to the goal, and a simple control law, which uses
just the velocity of the attachment point, is employed. In a
similar scenario, decentralized PID controllers are developed
in [1] for collective transport by small mobile robots. In
the case of aerial collective transport, [12] develops an
augmented adaptive sliding mode controller for manipulators
mounted on aerial vehicles.

The present work is an extension to our previous papers
[13], [14], in which we considered collective transport sce-
narios that are similar to those in [1] and [11]. In those
works, we designed decentralized controllers for teams of
point-mass robots that are rigidly attached to the payload.
The controllers only required robots’ measurements of their
own speed and heading, without any information about the
number of robots, the payload dynamics, and the robots’
distribution around the payload. Here, we consider a more
realistic scenario in which the collective transport task is per-
formed by differential-drive robots with 1-DOF manipulator
arms, like the robots in Fig. 1.

To derive decentralized controllers that can be imple-
mented on such robots, we make significant modifications
to our previous controller design procedure in [13], [14].
Since the robots and their manipulator arms may in general
have different initial configurations (see Fig. 1), we must
explicitly account for the holonomic constraints between the



robots and the payload in the design of the desired manifolds
of motion. To this end, we first design the manifolds such that
they do not violate these kinematic constraints. Second, we
design adaptive robot controllers that stabilize the system,
which has uncertain robot mass parameters, to the desired
manifolds of motion. We prove that the closed-loop system
will converge to the target transport speed and direction
for all initial conditions that are far enough from singular
configurations (described in section IV).

Although adaptive control has previously been used for
cooperative manipulation in [12], [15], [16], [17], [18] these
strategies require precise robot localization, predefined tra-
jectories for each robot and/or for the payload, and knowl-
edge about the position of the payload’s center of mass
and the robots’ distribution around the payload. In addition,
since the desired manifolds of motion are designed without
accounting for the holonomic constraints between the robots
and the payload, these strategies require knowledge of the
position of each robot’s attachment point relative to the
payload’s center of mass. In contrast, we design the desired
manifolds of motion of the system so that they are consistent
with the holonomic constraints between the robots and the
payload. Moreover, our control strategy only requires local
robot measurements of their own motion, and it does not rely
on any of the information required by the aforementioned
adaptive control strategies.

II. PROBLEM STATEMENT

We consider a team of N identical autonomous ground
robots that are arranged on a planar surface in an arbitrary
configuration around a payload, as in Fig. 1. Each robot is
comprised of a differential-drive core module, equipped with
a 1-DOF manipulator arm that can rotate about the core’s
central axis. We assume that the manipulator arm of each
robot is attached to the load via a point grasp and that the
load is lifted above the ground. We also assume that each
robot can measure its own speed and heading, as well as
the rotation angle and angular velocity of its manipulator.
The robots do not have global localization or communication
capabilities, and they lack information about the payload’s
physical properties, velocity, and the position of its center of
mass; the number of robots in the transport team; and the
robots’ distribution around the payload.

Our objective is to design decentralized robot controllers
that drive the team to collectively transport the load at a
desired speed along a straight path in a target direction. We
assume that each robot knows the target speed and direction,
although they are not assigned predefined trajectories. As an
extension of this approach, we note that we could design
controllers that drive the payload along a predefined sequence
of straight paths, each associated with a target transport
speed and heading. To enable the robots to act autonomously
during transport, the controllers must not depend on global
feedback, which would require the presence of a central
supervisor. Instead, the controllers must rely only on the
minimal local information that is available to each robot.

III. DYNAMICAL MODEL

To derive the equation of motion of each 3-DOF robot
in the transport team, we must first choose a vector of
generalized coordinates that describe the configuration of the
robot, illustrated in Fig. 2. We define xi = [xi yi]

T ∈ R2 as
the position of the center of the ith robot’s core in the global
coordinate frame I , θi as its heading angle with respect to
the global frame, θRi

and θLi
as the angular positions of the

right and left wheels, and φi as the angular position of the
manipulator with respect to a coordinate frame R that is fixed
to the core. If we select Qi = [xi yi θi θRi θLi φi]

T ∈ R6

as the generalized coordinates for robot i, the dynamics of
the robot must include the Lagrange multipliers that are
associated with the nonholonomic constraints between the
robot’s translational and rotational motion. Alternatively, we
can use the generalized coordinates q∗i = [θRi θLi φi]

T

to formulate the dynamics of the robot in an unconstrained
form, as described in Appendix I. Moreover, if we use the
invertible transformation qi = Tq

∗
i with

T =

 r2 r
2 0

r
b

−r
b 0

0 0 1

 , (1)

in which r is the radius of the robot’s wheels and b is the
distance between the wheels, then we obtain a new vector of
generalized coordinates that are more suitable for our control
objectives:

qi =

 r2 (θRi
+ θLi

)
r
b (θRi − θLi)

φi

 . (2)

Defining ξi as the length of the path traveled by the center
of the ith robot’s core, the time derivative ξ̇i is the speed of
this point. From the kinematics equations for a differential-
drive robot, given by Eq. (40)–Eq. (41) in Appendix I, we
find that the time derivative of the first and second elements
of qi are equal to ξ̇i and θ̇i, respectively. Therefore,

q̇i =
[
ξ̇i θ̇i φ̇i

]T
. (3)

These coordinates express the motion of the robot directly in
terms of the parameters that we need to control: the robot’s
translational motion and heading, and its manipulator arm’s
angular position.

While engaged in cooperative transport, the dynamics of
robot i can be written in the following general form [19]:

M i(qi)q̈i +Ci(qi, q̇i)q̇i +N i(qi, q̇i) = τ i −J
T
i F i, (4)

where qi ∈ R3 is the vector of generalized coordinates
defined in Eq. (2), τ i ∈ R3 is the vector of actuator torques,
F i ∈ R2 is the force exerted on the robot by the payload,
J i ∈ R2×3 is the Jacobian matrix of the end-effector’s
position, M i ∈ R3×3 is the inertia matrix, Ci ∈ R3 is
the Coriolis matrix, and N i ∈ R3 is a vector that includes
the effect of gravity and frictional forces at the joints.

In addition, we derive the the dynamics of the payload
during cooperative transport. Let mo be the mass of the
load and Jo be the load’s moment of inertia about the axis



Fig. 2. A Pheeno robot in a collective transport task with the kinematic
chain representing the holonomic constraint between it and the payload.

normal to the plane of the motion and passing through its
center of gravity (CG). Then Mo = diag(mo,mo, Jo) ∈
R3×3 denotes the payload’s inertia matrix. We define qo =
[xo yo θo]

T ∈ R3 as the payload’s vector of generalized
coordinates, where xo and yo are the position coordinates of
the load’s CG and θo is the load’s heading, all with respect
to the global frame I . Because there is a point grasp at each
robot’s attachment point to the load, there exists a kinematic
chain passing through the load’s CG, the attachment point,
and the robot core’s center, as illustrated in Fig. 2. Then we
will use the grasp matrix [20], G ∈ R3×2N , given by:

G =
[
G1 · · · GN

]
, (5)

where

Gi =

 1 0
0 1

−||rBi || sin(θo + αi) ||rBi || cos(θo + αi)

 , (6)

in which rBi ∈ R2 is the vector from the load’s CG to the
attachment point of robot i, and αi is the angle of this vector
with respect to the load’s local coordinate system. Finally,
we define F i ∈ R2 as the force exerted by robot i on the
load, expressed in the global frame, and F ∈ R2N as the
concatenation of all the robots’ applied forces:

F =
[
F T1 · · · F TN

]T
. (7)

Then, the dynamics of the payload can be written as

Moq̈o = GF . (8)

IV. HOLONOMIC CONSTRAINTS AND DESIGN OF THE
DESIRED MANIFOLDS OF MOTION

Using the notation in Fig. 2, the kinematic chain that
represents the holonomic constraint between a robot and the
payload can be expressed as:

xi + li −RI
Br

B
i − xo = 0, (9)

in which xi = [xi yi]
T ∈ R2 is the position of the center of

robot i’s core in the global frame, li ∈ R2 is the vector from

xi to the attachment point of robot i on the load,RI
B ∈ R2×2

is the rotation matrix from the payload’s local frame to the
global frame, and xo = [xo yo]

T ∈ R2 is the position of the
payload’s CG in the global frame. Taking the time derivative
of this equation, we can write it in the form of an integrable
Pfaffian constraint [19],

Ai(qi, qo)

[
q̇i
q̇o

]
= 0, (10)

where Ai = [J i −GT
i ], in which

J i =

[
cos(θi) −li sin(θi + φi) −li sin(θi + φi)
sin(θi) li cos(θi + φi) li cos(θi + φi)

]
(11)

with li = ‖li‖, and Gi given by Eq. (6).
In the case of N robots, the constraint Eq. (9) exists

between each robot and the payload. Then Eq. (10) can be
expanded to include all N constraints:

A(qa)q̇a = 0, (12)

where qa = [qT qo
T ]T ∈ R3N+3, in which q =

[q1
T · · · qNT ]T ∈ R3N , and the constraint matrix A ∈

R2N×(3N+3) is given by:

A(qa) =


J1 02×3 · · · 02×3 −GT

1

02×3 J2 02×3 · · · −GT
2

...
...

...
...

...
02×3 · · · 02×3 JN −GT

N

 . (13)

Eq. (12) describes the allowable velocities of the system
in the entire configuration space. This means that these
velocities can evolve only in the null space of A, and we
must take this fact into account when designing the desired
manifolds of motion. Otherwise, the desired system behavior,
which is described by the manifolds, would not be reachable
by trajectories of the system.

We aim to design robot controllers that do not require any
information about the payload’s position and velocity and the
distribution of robots around the payload. Toward this end,
we design the desired manifold of motion for a single robot
i by considering its constraint with the payload, defined by
the matrix Ai, and then showing that the manifolds for all
N robots are compatible with the entire set of N constraints,
defined by the matrix A.

For mechanical systems, any first-order desired manifold
of motion can be written in the general form ψ = η̇ − η̇r,
where η̇ is the vector of system velocities and η̇r is the
vector of reference velocities, which can be a function of time
and η [21]. In general, ψ must be driven to zero, at which
point η̇ will track η̇r. Here, defining ηi := [qTi q

T
o ]
T ∈ R6

as the vector of the generalized coordinates of robot i and
the payload, we specify a reference velocity vector η̇ri :=

[q̇Tri q̇
T
ro ]

T ∈ R6 that lies in the null space of Ai so that it
is achievable by η̇i. The null space of Ai can be written as:

N (Ai) = span(e1i , e2i , e3i , e4i), (14)



where

e1i = [ 0 − 1 1 0 0 0 ]T ,

e2i =

[
cos(θi + φi)

cos(φi)

− sin(θi)

li cos(φi)
0 1 0 0

]T
,

e3i =

[
sin(θi + φi)

cos(φi)

cos(θi)

li cos(φi)
0 0 1 0

]T
,

e4i = [ e41i e42i 0 0 0 1 ]
T
, (15)

in which the first two elements of the vector e4i are:

e41i =
−||rBi || sin(θo + αi − θi − φi)

cos(φi)
,

e42i =
||rBi || cos(θo + αi − θi − φi)

cos(φi)
. (16)

Indeed, the vector η̇ri must be a linear combination of these
four vectors, since they span N (Ai). As stated in section II,
the desired motion for the payload is a regulated speed along
the xI direction, zero speed along the yI direction, and zero
angular speed. Thus, we set:

q̇ro = [vdes 0 0]T , (17)

where vdes is the desired speed of transport. Then, noting the
1’s in the fifth and sixth elements of e3i and e4i , respectively,
we can conclude that η̇ri cannot have any projection on these
two vectors and must be a linear combination of only e1i and
e2i . Moreover, the desired motion for the robot includes a
regulated forward speed and a zero heading angle, in addition
to a zero angular speed for the manipulator.

Here, we design the desired manifolds in a way that is
applicable to general initial configurations of robots, in which
the robots have an arbitrary distribution around the payload
and arbitrary headings and manipulator angles, as depicted
in Fig. 1. However, we must first take into account the
fact that both e2i and e3i have entries with cos(φi) in the
denominator, and hence φi = kπ/2 for any integer k is a
singular configuration that has to be avoided. Therefore, we
consider the following assumption, which can be enforced
by restricting the range of rotation of the manipulator arm
(for example, φi ∈ 0.9[−π/2, π/2]):

Assumption IV.1. Each robot starts the transport from a
configuration far from singular configurations, and stays far
from these configurations during the entire transport.

The reference velocity vector is specified as

η̇ri = vdese2i , (18)

and therefore, the desired manifold of motion is given by

ψi = η̇i − η̇ri . (19)

This manifold can be written as ψi = [sTi s
T
o ]
T , where si

and so are the desired manifolds for robot i and the payload,
respectively:

si =

ξ̇i − vdes
cos(θi+φi)
cos(φi)

θ̇i + vdes
sin(θi)
li cos(φi)

φ̇i

 , so =
ẋo − vdesẏo

θ̇o

 . (20)

We see that so is independent of the robot’s state variables.
We now show that the reference velocity vector Eq. (18)
is compatible with all holonomic constraints in the system,
i.e. Eq. (12), and then we prove that it produces the desired
motion characteristics of the payload and the robots.

Proposition IV.2. The desired velocities in Eq. (18) are
reachable by all robots in the team and the payload during
collective transport.

Proof. Since both η̇i and η̇ri are in N (Ai) for each robot
i = 1, ..., N , we can conclude that Aiψi = 0, i = 1, ..., N ,
which implies that[

J i −GT
i

] [si
so

]
= 0, i = 1, ..., N. (21)

Defining s := [s1
T · · · sNT ]T and sa := [sT so

T ]T , we
can rewrite the N equations in Eq. (21) in the following
compact form:

A(qa)sa = 0, (22)

which means that sa ∈ N (A). Since the designed manifold
sa therefore satisfies the constraint Eq. (12), the reference
velocity vector η̇ri is reachable by each robot i.

Proposition IV.3. On the manifolds ψi defined by Eq.
(19), the payload’s motion converges to a pure translation
along the xI direction with speed vdes; the robots’ speeds
and headings converge to vdes and 0, respectively; and the
robots’ manipulators converge to a stationary configuration.

Proof. At the time when ψi = 0, we have θ̇o = 0, which
means that the payload has stopped rotating, and ẏo = 0,
ẋo = vdes, which means that the payload is moving along
the xI direction at the desired speed. In addition, from
the elements of si, we have that φ̇i = 0 → φi =
const. := φiss , which means that the manipulator of robot
i has stopped rotating. Consequently, we can conclude that
cos(φi) = const. = cos(φiss), and thus the second element
of si, which governs the dynamics of the robot’s heading,
can be written in the following form:

θ̇i + ci sin(θi) = 0, (23)

where ci = vdes
li cos(φiss )

is constant and positive for φi ∈
(−π/2, π/2), which is the manipulator’s range of motion.
We can show that θi asymptotically converges to zero as
follows. We consider the following Lyapunov function W
and its time derivative along the trajectories of Eq. (23):

W = 1− cos(θi) → Ẇ = −ci sin(θi)2. (24)

Since Ẇ is negative definite, Eq. (23) is asymptotically stable
at θi = 0, which means that robot i will converge to the
desired heading.1 Finally, since si = 0 and θi converges to

1To keep θi(t) ∈ (−π, π), the robot moves backward when the absolute
value of its initial heading error is more than π/2. This is implemented by
switching the desired speed to −vdes and shifting the desired heading by
−π rad.



zero, we can write the following for the first element of si:

lim
t→∞

ξ̇i = vdes lim
θi→0

cos(θi + φiss)

cos(φiss)
= vdes, (25)

which shows that the robot’s speed will converge to the
desired value.

Remark IV.4. The compatibility of the desired manifolds of
motion in Eq. (19) with the holonomic constraints between
the robots and the payload enables the robots to perform
the transport task without information about the position of
the payload’s center of mass or the vector from this point
to each robot’s attachment point, i.e. rBi . This information
is required in many collective transport methods that have
been proposed in the literature, as described in section I.

V. CONTROLLER DESIGN AND STABILITY ANALYSIS

As discussed in section IV, the desired system behavior is
achieved on the manifolds expressed as ψi = [sTi sTo ]

T ,
in which si := [sξi sθi sφi ]

T is associated with the
dynamics of robot i, and so is associated with the pay-
load’s dynamics. Moreover, it is possible to verify that
the terms M i(qi), Ci(qi, q̇i), and N i(qi, q̇i) in Eq. (4)
can be linearly parametrized in terms of a constant vector
Θi ∈ RP that contains P uncertain mass and geometric
properties of robot i [21]. Thus, we can define a matrix
Y i = Y i(qi, q̇i, q̇ri , q̈ri) ∈ R3×P , which is a function of
the reference quantities q̇ri , q̈ri and the measured quantities
qi, q̇i, such that:

M i(qi)q̈ri +Ci(qi, q̇i)q̇ri +N i(qi, q̇i) =

Y i(qi, q̇i, q̇ri , q̈ri)Θi. (26)

Here, we assume that we have uncertain estimates of P = 3
parameters for each robot: the mass and moment of inertia
of its core, and the mass of its manipulator.

We now design the controller for the actuator torque that
is applied by the wheels and manipulator of robot i. This
torque is defined as τ ∗i = T

−1τ i, where

τ i = −Ksi + Y iΘ̂i. (27)

Here, K ∈ R3×3 is a positive definite matrix that contains
the controller gains, and Θ̂i is an estimate of Θi, which is
updated according to the following adaptation law:

˙̂
Θi = −ΓY T

i si, (28)

in which Γ ∈ R3×3 is a symmetric positive definite matrix
that contains the adaptation gains.

Remark V.1. The controller in Eq. (27) and the adaptation
law in Eq. (28) are completely decentralized, in the sense
that each robot i can execute them using only measurements
of its own motion (i.e., the quantities in si and Y i). They also
do not require any information about the payload’s motion
and the robots’ distribution around the payload.

To ensure that the controller in Eq. (27) and the adaptation
law in Eq. (28) drive the system trajectories to the desired
manifolds, we prove the stability of the closed-loop system

in Theorem V.3. First, we state the following lemma, which
will be used in the proof of the theorem.

Lemma V.2. Consider a team of N ≥ 2 robots that are
attached to a payload at distinct points, with the robots’
reference velocities specified as in Eq. (18). If si ≡ 0 for
each robot i ∈ {1, 2, ..., N}, then so ≡ 0.

Proof. Since both q̇a and q̇ar are in N (A), we can write
Asa = 0. Thus, according to Eq. (12), we have:

Js = GTso, (29)

in which J ∈ R2N×3N is a rectangular matrix in block-
diagonal form, with the blocks defined as J i, i = 1, ..., N .
When si = 0 for all i = 1, ..., N , then s = 0. This implies
that Js = 0, which means that GTso = 0. Moreover,
G ∈ R3×2N , and its first two rows, which are the first two
columns of GT , are linearly independent. The third row is
linearly dependent on the other rows only in the case where
||rBi || sin(θo+αi) = ||rBj || sin(θo+αj) and ||rBi || cos(θo+
αi) = ||rBj || cos(θo + αj) ∀ i, j ∈ {1, 2, ..., N}, which is
impossible because the robots are attached to distinct points
on the payload. Therefore, all columns of GT are linearly
independent, and so rank(GT ) = 3, which implies that
dim(N (GT )) = 3− 3 = 0. Hence, the null space of GT is
empty, and the only solution for GTso = 0 is so ≡ 0.

Theorem V.3. Consider a team of N differential-drive
robots, each with a 1-DOF manipulator arm that is attached
to a payload via a point grasp, as depicted in Fig. 1. Given
the manifold in Eq. (20) and the controller and adaptation
law in Eq. (27) and Eq. (28), the entire system converges
to the desired motion, which is defined as the translation of
the payload and robots in a specified direction at a target
speed without rotation, with the robots’ manipulators fixed
in a stationary configuration.

Proof. We consider the following Lyapunov function [21]:

V =
1

2

N∑
i=1

sTi M isi+
1

2
sToMoso+

1

2

N∑
i=1

Θ̃
T

i Γ−1Θ̃i, (30)

in which Θ̃i = Θ̂i −Θi is the parameter estimation error.
The time derivative of this function is:

V̇ =

N∑
i=1

sTi M iṡi +
1

2

N∑
i=1

sTi Ṁ isi

+ sToMoṡo +
1

2
sTo Ṁoso +

N∑
i=1

˙̃ΘT
i Γ−1Θ̃i. (31)

Since Mo is constant, and by Eq. (17), q̈ro , which is
included in ṡo, is equal to zero, V̇ is reduced to:

V̇ =

N∑
i=1

sTi M i(q̈i − q̈ri) +
1

2

N∑
i=1

sTi Ṁ isi

+ sToMoq̈o +

N∑
i=1

˙̃ΘT
i Γ−1Θ̃i. (32)



Furthermore, considering the passivity property of the robot
dynamics in Eq. (4) [19], recognizing that the matrix Ṁ i−
2Ci is skew-symmetric, noting the payload’s dynamics in
Eq. (8), and substituting the controller Eq. (27) into the
expression for M iq̈i from Eq. (4), V̇ can be rewritten as:

V̇ =−
N∑
i=1

sTi Ksi +

N∑
i=1

sTi Y iΘ̂i

−
N∑
i=1

sTi
(
M i(qi)q̈ri +Ci(qi, q̇i)q̇ri +N i(qi, q̇i)

)
+

N∑
i=1

˙̃ΘT
i Γ−1Θ̃i −

[
sT sTo

] [JT
−G

]
F . (33)

From Eq. (13), the last term on the right-hand side of Eq.
(33) can be rewritten as (Asa)TF , and invoking Eq. (22), we
conclude that this term is zero. Finally, applying the linear
parameterization in Eq. (26) and the adaptation law in Eq.
(28), and also using the fact that ˙̃Θi =

˙̂
Θi since Θi is

constant, we have:

V̇ = −
N∑
i=1

sTi Ksi. (34)

The negative semi-definiteness of V̇ implies the global
stability of the system and, consequently, the boundedness
of so, si, and Θ̃i for all i = 1, ..., N . From Eq. (27), this
result implies the boundedness of each τ i. By eliminating
the vector F from the dynamics of the N robots (Eq. (4)) and
the payload (Eq. (8)), we observe that τ i, i = 1, ..., N , are
the only active torques affecting the dynamics of the entire
system of the robots and payload. Since these torques are
bounded, we can conclude that q̇i and q̈i are bounded for
each robot i. The boundedness of q̈ri can be verified from
Eq. (20). Since q̈i and q̈ri are both bounded, we have that
ṡi = q̈i− q̈ri is also bounded. Furthermore, the second time
derivative of V can be calculated as:

V̈ = −2
N∑
i=1

sTi Kṡi. (35)

Given that si and ṡi are bounded for all i as discussed
above, this equation indicates that V̈ is bounded as well. By
Barbalat’s lemma [21], the positive definiteness of V and
the boundedness of V̈ imply that V̇ → 0, and consequently
si → 0, as t → ∞. Finally, from Lemma V.2, we conclude
that so → 0 as t→∞, which completes the proof.

Proposition V.4. All internal forces F i, which are exerted by
the robots on the payload, remain bounded during transport.

Proof. In the proof of Theorem V.3, we showed that q̇i, q̈i,
and τ i are all bounded. We can then conclude from the robot
equations of motion (4) that the term JTi F i is also bounded
for each robot i. In addition, we can confirm that the null
space of JTi is empty. This implies that all internal forces
F i remain bounded as well.

VI. SIMULATION RESULTS

We validated our adaptive control strategy with high-
fidelity 3D physics simulations in the robot simulator Webots

Fig. 3. Collective transport by eight Pheenos simulated in Webots.

[22]. The robots in the Webots simulations are 3D models
of a small mobile robot platform, Pheeno, that has been
developed in our lab [1].

We implemented the controller and adaptation law pro-
posed in section V in a Webots simulation in which eight
Pheeno robots transport the payload to a goal that is located
at a heading of γ = 30◦ in the inertial frame. The desired
load speed is vdes = 0.2 m/s, and the load mass and
moment of inertia are 1 kg and 0.33 kg·m2, respectively.
The matrices of controller and adaptation gains were set to
K = diag(0.002, 0.006, 0.01) and Γ = diag(0.3, 0.5, 0.2).
The system was simulated for 150 s.

Four snapshots of the simulation are shown in Fig. 3, in
which the goal location is indicated by the green cone and
the desired path of the payload’s CG is illustrated by the
blue line. Fig. 4 plots the load and robot trajectories, which
are straight and parallel in the desired direction without
significant rotation for the load.

Fig. 5 displays the time evolution of the entries of the
desired manifold si for each robot i (here we drop the
i subscripts for simplicity): sξ, sθ, and sφ, which are
associated with the robot’s speed ξ̇, heading angle θ, and
manipulator angle φ, respectively. The figure also plots the
time evolution of ξ̇, θ, and φ for each robot. The variables
are only plotted over the beginning of the simulation in order
to clearly illustrate their transient dynamics. The plots show
that sξ, sθ, and sφ all converge to zero for each robot, and
although they initially exhibit oscillations, they have smooth
profiles after ∼ 6 s. The manipulator angles of the robots
all converge to steady-state values, demonstrating that each
robot converges to a fixed configuration. Note that these
angles remain far from the singular configuration, i.e. ±90◦,
in accordance with Assumption IV.1. Furthermore, four of
the robots, which push the payload, converge to a heading
of 30◦ and speed of 0.2 m/s, while the other four robots,
which pull the payload, converge to a heading of −150◦
and speed of −0.2 m/s. This discrepancy in heading and
speed between the pushing and pulling robots happens due
to the maneuver described in the footnote in section IV. This
maneuver prevents the robots from performing unnecessarily
large rotations that would slow down their response and
possibly drive them to singular configurations.
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Fig. 5. Time evolution of variables in the Webots simulation of collective
transport. Left column: Entries of the desired manifold si for each robot
i: sξ , sθ , and sφ (we drop the i subscripts for simplicity). Right column:
Speed ξ̇, heading angle θ, and manipulator angle φ of each robot.

VII. CONCLUSION AND FUTURE WORK

In this paper, we presented a decentralized adaptive control
strategy for multi-robot collective transport. The controllers
do not require inter-robot communication, information about
the payload dynamics and geometry, or knowledge of the
number of robots in the transport team and their distribution
around the payload. In addition, since the desired manifolds
of motion are designed to be consistent with the system’s
holonomic constraints, the robots are not required to begin
the transport task in any specific configuration. In future
work, we will consider transport teams in which the robots
have manipulators with more degrees of freedom, and we
will modify our controller to achieve internal force regulation
and payload transport along curved reference trajectories.
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APPENDIX I
UNCONSTRAINED DYNAMICS OF A NONHOLONOMIC

ROBOT

Here, we derive the unconstrained dynamical model of
a nonholonomic robot. Using the classical Lagrange for-



mulation, we first obtain the constrained dynamics of the
robot, and then eliminate the Lagrange multipliers in this
constrained model. For simplicity, we drop the subscript i in
the variables associated with the robot. We begin with the
vector of generalized coordinates qc := [x y θ θR θL]

T ∈
R5, which completely describes the position of each point
on the robot’s core as it moves. We define mc as the mass
of the robot’s core, Ic as the robot core’s moment of inertia
about the axis that passes through its center of mass and is
normal to the plane of motion, and Jw as the moment of
inertia of each wheel about its axis of rotation. Hence, the
Lagrangian of the robot’s core is written as:

L =
1

2
mc(ẋ

2 + ẏ2) +
1

2
Icθ̇

2 +
1

2
(Jwθ̇

2
R + Jwθ̇

2
L). (36)

Furthermore, to satisfy the rolling condition for each wheel,
we include four constraint equations that can be written in
the following matrix form:

Acq̇c = 0, (37)

where Ac ∈ R4×5 is

Ac =


1 0 b cos(θ) −r cos(θ) 0
0 1 b sin(θ) −r sin(θ) 0
1 0 −b cos(θ) 0 −r cos(θ)
0 1 −b sin(θ) 0 −r sin(θ)

 .
(38)

Defining λ := [λ1 λ2 λ3 λ4]
T ∈ R4 as the vector of

Lagrange multipliers, and using the Lagrange formulation,
the equations of motion of the robot’s core are calculated as:

mcẍ = λ1 + λ3

mcÿ = λ2 + λ4

Icθ̈ = λ1b cos(θ) + λ2b sin(θ)− λ3b cos(θ)− λ4b sin(θ)
Jwθ̈R = τR − λ1r cos(θ)− λ2r sin(θ)
Jwθ̈L = τL − λ3r cos(θ)− λ4r sin(θ), (39)

where τR and τL are the actuation torques on the right and
left wheels, respectively.

Using a similar approach to the method in Section 1.4 of
[23] for deriving the nonholonomic dynamics of a vertical
rolling disk, we eliminate the Lagrange multipliers from
these equations to obtain the unconstrained equations of
motion for the robot’s core. Since rank(Ac) = 3, the four
constraint equations (37) are linearly dependent, and the
number of linearly independent constraints is 3. These three
constraints can be calculated from basic row operations on
the matrix Ac in Eq. (38). By adding the first and third
rows and the second and fourth rows of Ac, we obtain the
following two equations from Eq. (37):

ẋ =
r

2
(θ̇R + θ̇L) cos(θ) , ẏ =

r

2
(θ̇R + θ̇L) sin(θ). (40)

Subtracting the third row of Ac from the first row (or the
fourth row from the second row) yields the third equation:

θ̇ =
r

2b
(θ̇R − θ̇L). (41)

Eq. (40)–Eq. (41) are the three linearly independent con-
straint equations. Differentiating these equations with respect
to time, and substituting the resulting expressions for ẍ, ÿ,
and θ̈ into the first, second, and third equations in Eq. (39),
we obtain:
r

2

(
cos(θ)(θ̈R + θ̈L)− θ̇ sin(θ)(θ̇R + θ̇L)

)
=

1

mc
(λ1 + λ3)

r

2

(
sin(θ)(θ̈R + θ̈L) + θ̇ cos(θ)(θ̇R + θ̇L)

)
=

1

mc
(λ2 + λ4)

r

2b
Ic(θ̈R − θ̈L) = b cos(θ)(λ1 − λ3) + b sin(θ)(λ2 − λ4).

(42)

Adding the fourth and fifth equations in Eq. (39) results in
the equation:

Jw(θ̈R + θ̈L) = (τR + τL)− r cos(θ)(λ1 + λ3)

− r sin(θ)(λ2 + λ4). (43)

By substituting in the expressions for λ1 + λ3 and λ2 + λ4
from Eq. (42), we obtain:(

Jw +
mcr

2

2

)
(θ̈R + θ̈L) = τR + τL. (44)

Subtracting the fifth equation from the fourth equation in Eq.
(39), we have:

Jw(θ̈R − θ̈L) = (τR − τL)− r cos(θ)(λ1 − λ3)
− r sin(θ)(λ2 − λ4). (45)

If we move the term (τR − τL) to the left-hand side of the
above equation, then the right-hand side is equal to the right-
hand side of the third equation in Eq. (42) multiplied by
−r/b. Therefore, Eq. (45) can be rewritten as:(

Jw +
r2

2b2
Ic

)
(θ̈R − θ̈L) = τR − τL. (46)

The Lagrange multipliers, i.e. the elements of λ, have been
eliminated in Eq. (44) and Eq. (46). Also, since the number
of original generalized coordinates is 5 and the number of
linearly independent constraints is 3, the robot’s core has
only 2 degrees of freedom, and the unconstrained dynamics
of the core are therefore expressed by two equations. Hence,
Eq. (44) and Eq. (46) are the unconstrained equations of
motion for the robot’s core. Finally, defining

H1 = Jw +
mcr

2

2
, H2 = Jw +

r2

2b2
Ic, (47)

we can write Eq. (44) and Eq. (46) in matrix form:[
H1 H1

H2 −H2

] [
θ̈R
θ̈L

]
=

[
1 1
1 −1

] [
τR
τL

]
. (48)

By pre-multiplying this equation by the inverse of the matrix
that multiplies the vector [τR τL]

T , it can be rewritten as

1

2

[
H1 +H2 H1 −H2

H1 −H2 H1 +H2

] [
θ̈R
θ̈L

]
=

[
τR
τL

]
, (49)

which is in the standard form of unconstrained dynamics.
This formulation shows that q∗c = [θR θL]

T ∈ R2 is an
unconstrained configuration space for the dynamics of a
nonholonomic robot.
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