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Abstract

During recent years it has been shown that the
performance of penalty function methods for constrained
minimization can be improved significantly by introduc-
ing gradient type iterations for solving the dual pro-
blem. In this paper we present a new penalty function
algorithm of this type which offers significant advan-
tages over existing schemes for the case of the convex
programming problem. The algorithm treats inequality
constraints explicitly and can also be used for the
solution of general mathematical programming problems.

I. Introduction

During the last decade penalty function methods
have gained recognition as one of the most effective
class of methods for solving nonlinear programming
problems. They require very simple programming, they
avoid the necessity of staying within the feasible
region and they are quite rcliable particularly when
used in conjunction with effective unconstrained mini-
mization algorithms. Their chief disadvantage stems
from the fact that they require the solution of a
sequence of unconstrained minimization problems with
increasingly unfavorable structure. This ill-condi-
tioning is due to increasingly high penalty terms. It
is well known that penalty methods yield as a by-pro-
duct of the computation a sequence of vectors converg-
ing to the Lagrange multiplier vector of the problem.
This latter vector is a solution of the dual problem
(defined under suitable local convexity assumptions){l],
a fact which has led to the interpretation that penalty
methods seek to solve the dual problem.

During recent ycars a number of researchers, [2],
{3], [4], werc led to using penalty methods in order to
attack the dual problem in a more dircct way, i.e. by
making usec of a recursive iteration of the gradient

type. Their approach can be interprcted as follows.
Consider the problem

minimize f(x) x € R"

subject to hi(x)=0 i=1,2,..,p (1)
Now if (x*, A*) 1is a local solution and Lagrange

multiplier pair of problem (1) then (x*, A*) 1is also
a local solution and Lagrange multiplier pair of the
"penalized" problem
P
minimize f(x) + 1/2 CEZ[hi(x)lz
i=1

i=1,2,..,p (2)
Furthermore under general assumptions it follows [1]
that for ¢ greater than come constant € problem
(2) has locally convex structure and A* is a local

subject to hi(x) =0
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solution of the dual problem

max Y (A)
AeRP
where the dual functional ¢ is defined by
Y (A= min {f(x)+}D_j Ah, (x)+lcf: [h, (x)]z} (3)
n s B

xeR

The method proposed in [2],[3],[4],[5], consists of
solving the unconstrained minimization problemkindicauﬂ
in" (3) for fixed values of X and _c¢c, say XA  and
ck, to obtain a minimizing point x~ and then update
A by means of the iteration

k+1 k k k .

Xi = ki +C hi(x ) i=l,2,..,p )

Since hi(xk) is the partial derivative of ¥ with
respect to  AY  the iteration (4) can be interpreted

as an iteration of the gradient type for solving the
dual problem. Furthermore it can be shown [1] that as
¢ increases iteration (4) approximates a Newton step
for solving the dual. Thus as cK increases the iter-
ation (4) is expected to converge to the solution A*
and converge faster--albeit at the expense of making
the unconstrained problem in (3) more ill-conditioned.
The choice of <¢* presents considerable difficulty
since ¢ must be greater than T, an unknown constant,
and also since it is not clear how to update cf in
order to keep the total number of function evaluations
for solving the problem at a low level. One possibility
is to use a sequence c¢»® and then the method con-
verges since it behaves like a penalty function method.
Hopefully the iteration (4) speeds up convergence.
While it appears that in many problems such accelera-
tion is realized [6], this method of updating ¢
partially defeats the purpose of the algorithm which

is clearly to avoid the ill-conditioning associated
with high penalty terms in the problem of (3). Another
possibility is to update ¢X on a trial and error
basis, 1.e. to increase c¢X if the algorithm does not
make satisfactory progress. Such schemes have been
proposed in the literature and some computational ex-
perience has been reported [2],[5].

The algorithm discussed in the previous paragraph
is mainly applicable to problems with equality constr-
aints. Inequality constraints can be treated in two
ways: either by converting them to equality constraints
by using slack nonnegative variables or by incorporating
into the algorithm features which cnable it to "separ-
ate' during the iterations the active from the inactive
inequality constraints and subsequently treat the
active constraints essentially as cquality constraints
[5]. Aside from the obvious computational disadvant-
ages, an important drawback of such schemes is that
they fail to take advantage of special structural prop-
erties of the problem such as convexity. Thus a con-
vex program is treated in the same way as a nonconvex
program.

The algorithm proposed in this paper uses an
approach similar to the algorithm described above.
However, inequality constraints are handled by a new
technique which does not attempt to convert them into
cquality constraints. For non-convex programming
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problems, our algorithm offers no spectacular advan-
tages over the earlier deseribed method. (In fact for
the case of cquality constraints only, our algorithm
rcduces to the earlier one.) The main advantage ariscs
when our algorithm is applicd to a convex programming
problem. Unlike the parameter ¢ of problem (3) our
paramcter can be chosen arbitrarily: there is no
critical value analogous to <. This threshold-free
feature has three important ramifications. First,

the algorithm converges from any starting point.
Second, the algorithm does not require a parameter
adjusting scheme. Third, the sequence of unconstrained
problems does not get increasingly ill-conditioned.
Another important feature is that the algorithm doesn't
increase the dimensionality-as in the casc of slack
variables, nor does it require a separation mechanism
to determine which of the inequality constraints are
active.

In the next section we describe our algorithm for
the case of the convex programming problem, and we
prove its convergence. In Section 3 we give the
extension to the general non-linear programming pro-
blem. Finally in the last section we report some
computational expericnce.

1I. The Basic Algorithm

Consider the convex programming problem
£,
A
fi(x)_ 0

minimize

subject to i=1,2,..,m (5)
are real valued convex and differen-
R?  (n-dimensional Euclidean
space). We assume that there exists a point XeRP
such that f;(x)<0, i=1,2,..,m and that the set of
optimal solutions to problem (5) is nonempty and
bounded. Under these assumptions it is well known [1]
that if x* is an optimal solution of problem (5) then
there ex1sts ,a Lagrange mu1t1p11er vector
*

-(Xl,. Am) such that x 1is an optimal solution
of the problem

minimize f (x) +§: A f (x)

where f , f,
tiable functidns on

)

and A 20, X £, (x)
1 1 1

*
Furthermore A max%wizes the dual functional

Y o(A) = m;n {fo(x) & Ai fi(x)} 6)
over all vectors A= (Ai, ,Xm)widxkjé 0,i=1, m,
and if £° is the optimal value of problem (5) we have
£f* = max Y (A)
A20

The algorithm that we proposc for maximization of
the dual functional has the following form:
k k k
Given (A A ) with A, >0,i=1,
solve an unconstra1ned m1n1m1zat10n problem of the form
£, (0 +jZ::1 x.l 9,

minimize

LF 0] ()

where ¢, is a real valued function of a single vari-
able, depending on a positive parameter g, the form
of which will be specified in what follows. Let XX
be a solution of this problem. Then update Ak by
means of the iteration

k+1 k k .

Ai = Ai ¢é[fi(x )] i=1,2,..,m (8)

where ¢' denotes the derivative of

5.
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We shall show in the remainder of this section
that the iteration (8) converges to a solution of the
dual problem and that convergence is accelerated as
is chosen small.

€

To define the class of functions ¢ which we
shall use, let us consider first the class of functions

¢: R*R characterized by the following properties
2
(P1) ¢ '(t) = 9— b (£)>0 VteR
dt
(P2) $(0) =0
' —_ d _
(P3) 0" (0) =g ¢(0) =1
(P4)  lim ¢(t)=-
t>->
(P5)  1im ¢'(t)= =
1t
Examples of functions ¢ satisfying properties
(P1)-(P5) above are
t+t2 ta0
P =l e (9)
Tt
t
¢ (t) = ¢ -1 (10)
3t2/4 4t t20
p(t) =1 1 )
(1-t/2) t<0 (11)

Let us consider now for any €>0 the function

0.(8) = €D (12)

where ¢ satisfies
is decreased ¢Eﬁj
for t4£0 (see Fig.
of

(P1) (P5). Notice that as

approaches ®© for t>0 and zero
1). Hence sequential minimization

€

m
£ 00+ 4 50 [£,(0)
for a fixed set of values A;>0 i=1,..,m and a
sequence of values ¢€,>0 yields a penalty function
method of the standard type.

%
%
T T L ~f t
2
Figure 1.

e -,

Consider now for any € >0 the convex programming
problem

minimize fo(x) (13)
subject to b [T, (x)] £0 i=1,2,..,m and denote by

Ye (A)  the corrcspondlng d%#l functlonal

m%n {fo(x) +5§i

eS) N ENEN (14)

*
Let x* and X be an optimal solution and a corres-
ponding Lagran%o multiplier of the above problem. Then
U

VE () + }Eﬁ M olf D] TE ) -

* *
Since b 0) = and A, = 0 if f,(x )«<0O the
above cquatloq Lclds b
f * *
v (x)+=1)\ivfi(x)=0
* ¥*
which in turn implies that x and A are an optimal



solution and a Lagrange multiplier for the original
convex programming problem (5). Clearly a similar
result holds if the roles of problems (5) and (13) are
reversed and we have:

Proposition 1: Problems (5) and (13) are equivalent
in that they have the same optimal solutions and cor-
responding Lagrange multipliers.

Now lect Ak> 0, i=1,..,m, ¢> 0 be given scalars

and let xkK be an optimal solution of the problem
minimize f (x)+ T A 9 [f (x)1] (15)
i=1
Using equation (14) we have
k, _ < vy, K k
e Y = £,60 EaT g 18 6] (16)
Furthermore 51nce
k k
Vi (x ) * E A ¢'[fi(x MvE () =
it follows that xk also solves the problem
minimize f (xp.z xk+1 £,(x)
where we have set 1=1
k+1 .
>\~ = )\ (b [f (X )] 1=1)2)")m (17)

1

This implies, using the defining equation (6) for the
dual functional, that
k+1 k. N kel k

g (A7) = fo(x )+i£1 Xi fi(x )
Thus by solving the unconstrained minimization problem
(151 one obtains the value of the dual functional at
Ak*1l " The above discussion motivates the following
algorithm.

Algorithm 1:

Step 1: Select a vector O)
Ai> 0, i=1,..,m and a scalar g 0

with

solve the unconstrained minimiza-

Step 2: Given A

tion problem n

k
£00% JE Ay o [E; (9]
where ¢ 1is defined by (12) and ¢
erties (Pl)-(P5). Let xKk
problem.

minimize
satisfies prop-
be a solution of this

Step 3: Set A§+l

=AK  stop.

—A ¢ [£. (x )] i=1, If
Else return to Step 2.

Notice that if the algorithm terminates iE a
finite number of steps the resulting vector A~ 1is a
Lagrange multiplier vector for problem (5) and hence
in this case it yields a solution to the dual problem.

We now prove that the minimization in step 2 of
the above aigorithm can always be carried out, and
therefore the algorithm is well defined.

Proposition 2: The unconstrained minimization problem
in step 2 of Algorithm 1 has a solution.

Proof: From the properties of ¢(t) it follows that
the equation ¢'(t) = a has a solution for every
a> 0., Hence the concave function at-¢(t) has a
maximun value ¢(a). If we define also
o(0)= lim o{a)=1, we have
a0

$(t) > at-o(a) a>0 (19)

from which ¢€(t) > at- Eo(a) a > 0.

Hence for all x
we have

and for all A i20,i=1,2,..m

m ~

fo(x)+4 21 A b [£5 () 126 () +1 B2 Fi ()~ ZIEX foxs /A ).

We shall prove that the function on the left has no
direction of recession ([7],p.69) and hence the set of
its minimizing points is nonempty and compact ([7],Th.
27.1.d). Let y#0,yeR® be any direction. If y is
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not a direction of recession of f, take A;=0,i=1,..,m
in the above inequality and it follows that y is not a
direction of recession of the function on the left.
Assume y is a direction of recession of f,. Then ([7],
Cor.8.3.3,Th.27.3,Cor.27.3.3)from the assumption that
the set of all solutions of problem (5) is nonempty
and compact it follows that there exists a function
fi,ie{1,..,m} for which y_is not a direction of recess-
ion. Take AJ =0,j#1 and A; sufficiently large in the
above inequallity to guarantee that y is not a direction
of recession of the function on the right ({7]Th.9.3).
Then the inequality yields that y is not a direction of
recession of the function on the left. Q.E.D.

Note that the above proposition implies that the
dual functional J has finite values at the points
AK k=1,2,... even if it has an infinite value at A0 . We
next prove that at each iteration the value of the dual
functional is increased. This fact is of basic impor-
tance in proving the convergence of Algorithm 1.

defined via

Proposition 3: For any AK -(X&+ E)
# A% we have

Algorithm 1 and such that
k k k+1
PO < () <
where § is the dual functional of the problem (5) and
Ye 1is the dual functional of problem (13).

Proof: Since X #X 1t follows that E[f (x )]#1
or equivalently ¢¢[fy (xX)1# 0 for some i€ fl 2,..,m
From (19) with a=1, we have

¢€(t)> t t #0 and ¢C(0)=O.
Also ¢ (t)> 0 VvteR, so from iteration (17) we see
X§> 0, i=1,..,m, Hence o

POYY = min (5,000,5 2 £ 00D
k
folx )+i%1
< £ ofye I K g 1E, 6 b0

k k
SENCOR

i

and hence the first inequality is proved. To prove
the second inequality we first note that
9.(8) <t ol(t) VA0 (20)

The above inequality can be seen to hold by the fact
that

d ' "
Gt 01 (8)-6_ () ]=to, ()
(8] ()4 ()]

is decreasing for t <0, increasing for t> 0 and is
zero for t=0. Hence (20) holds. Now using (20) and
the definition of xk+1 (c f am

3 "
Since ¢E(t)> 0,vt,

b 5= 68y« 2K e Lf ] <
< £ 8 zl Al oLLE, (X1E, (=
m k+1

=f0(x IR 3= 0Ky Q.E.D.

k Having established the fact that the sequence
$(A") is strictly increasing we are ready to establish
the convergence of Algorithm 1.

Proposition 4: Assume that Algorithm 1 g nerates an
infinite bounded sequence of vectors {(x", Ak )}.Then
any limit point (x,A) of the sequence such that x
is a feasible point is an optimal solution and Lagrange
multiplier pair for problem (5}.

Let{(x A }lxeg be a subsequence converging to
which satlsfles the assumptions of the €r0p051-
Consider also the subsequence {(xK* )}k K.

Proof:
(x,2)
tion.
Tt contains a convergent subsequence
{(xk*1, Ak+1)}k ~ +(x Now for every keK we have
m
Ai¢a[fi(x)]

lp€(>‘ )=fo(x )+ l—'—'l)\l ¢€[f1 (X )] _<___f0(x)+1)._:11
V xeRP




Hence t%king limies

m

f (§)+.=>:X. o [£; ('x")]éf (x)+1 i 9 [f; (0] vxeR'  (21)
and {yg (Ak)}kepfo(xh L% ¢€[f (1 = ke ®.
similar argument shows t f% (Ak+ )}keK +w€(x ) and
since the sequence {U (A is monotonically in-
creasing we hdve wL(X) wg(X). Since for every kek

A‘i‘”- M OB, (] =1, m
it follows by taklng limits that

A= (£, ()] i=1, (22)
If X =X then it follows from (21) and (22) that Ti

is a Lagrange multiplier vector and the proposition is
proved. Assume now that A #X. We shall come to a
contradiction. If T >0, i=1,..,m the contradiction
would be immediate since (21), (22) and Proposition_3
show that g (A)>¢L( A)  while we have wg(X)zwg(X).
If Xy=0 for some ie{l,..,m} then A;=A;=0. llence
if A £ X there must exist some index Je{l ,m} such
that X:>0, %.> 0 and f; (x)# 0. _These relations are
sufficient to %how that g ( A)>w€(k) using an entire-
ly similar proof as in Proposition 3. Hence the con-
tradiction is established in this case as well. Q.E.D.

Notice that in Proposition 4 the point X is
required to be a feasible EOlnt Now if (x,X) 1is the
limit of a subsequence {(x~, Ak )}kEK and _x is such
that some constraint is v1olated i.e. fi(x)>0 for
some i, then the corresponding Lagrange multiplier
X} must be zero while we have > Ak> 0  whenever

l\)> 0. Thus the algorithm tcndb to yield tc&s]ble
PUIH[b In particular if the whole sequence {(x AN}
15 convergent to (x,A) then x is a feasible p01nt
and an optimal solution for problem (5). Further
conditions which guarantee that the algorithm yields
feasible points x will be given in a future publica-
tion.

We mention that a number of variations of the
basic Algorithm 1 are possible by allowing € to
change from one iteration to the next. We state one
such variation as an algorithm.

Algorithm 2:

Consider Algorithm 1 where instead of keeping €
at a fixed predetermined value, a convergent sequence
{exk} with €> 0 1is used, where ¢ corresponds to
the kth unconstrained minimization problem. The
sequence {Ek} may be either predetermined or computed
during the course of the iteration.

An example of a scheme which fits within the frame-
work of Algorithm 2 is when € 1is initially fairly
large and is gradually reduced to its limit. Since, as
we shall see later, a smaller € accelerates the con-
vergence of the dual iteration but results in a more
ill-conditioned unconstrained minimization, there is
ample reason to believe that such schemes work well.
Another scheme would be to start with a moderate value
of € and decrease it as necessary if the algorithm
does not coverge fast enough. The extreme case of
Algorithm 2 is when €x > 0. Under these circumstances
the algorithm works as a combined primal dual and pen-
alty method with the penalty term tending to infinity.
While it would appear that the resulting extreme ill-
conditioning of the unconstrained problem should result
in increased computational requirements, in experiments
that we performed the algerithm with ¢, ~ 0 worked
very satisfactorily and gave a 50 to 70% reduction in
computation time over the corresponding pure penalty
method (g >0, Ak fixed). This reduction must be
attributed to the dual iteration. We shall have more
to say about computational experience in the last
section.

The convergence of Algorithm 2 can be casily est-
ablished by using a proof identical to the one of
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Proposition 4 when [ey} has a nonzero limit. For the
case where ¢, *0 a proof similar to corresponding
proofs for usual penalty function methods can be used.

Another variation of both Algorithms 1 and 2
is obtained when one uses a different parameter ¢ (or
a different sequence {ek}) for each of the constraints
One rationale for such a strategy would be to compen-
sate for constraints which are badly scaled.

In order to terminate the algorithm one may
employ any of several error bounds. A very simple
bound can be written when x happens to be a feasible
point: g Oky <« f*<:f0(xk). It X 1is any known in-
terior point of the feasible region, an alternative

upper bound can be given. Recall from the proof of
I’roposi%ion 2 the 1ncqu\lltv n

£ 004 LN £LGOCE n(xmlxicbe[f 0]+, L eator /%)
Hence f* < Y (A )+i;l EA? a( ki/ki) Next suppose }
is an upper bound for ¥ oi.e. Afgﬁﬁi i=1,2,..m. Then
pe (1K) ;f*;we 5+ £ enk nax [1,9(3;/2%)] It can be

easily shown that an uppe% bound A can be obtained

from the interior point formula

. p-fo (x)
15 T a2 i
~ £, (X)
where X is an intetior point and u< <f . In particu-
lar $(AX*1)  can be used for .

An interesting geometric interpretation of
Algorithm 1 can be given in terms of the primal func-
tional [8] corresponding to the convex programming
problems (5) and (13). This functional (othecrwise re-
ferred to as optimal response function, perturbation

function, minimum value function) is defined respect-
ively as

w(z) = inf fo(x)

s.t. fi(x)<zi i=1,2,..m

mg(z)= inf f,(x)

s.t. ¢€[fi(x)]§:zi i=1,2,..m

It is well known that the primal functional correspond-
ing to a convex programming problem summarizes all the
important characteristics of the problem and further-
more it determines completely the dual functional via
the conjugacy relation [8],

by =
b =

19t {w(z)+<h,z>}
rzlf {m (z)=<X,z> 1}

A typical form of the primal functionals w and wg
is given in Fig. 2. Now in terms of this figure one
can interpret Algorithm 1 as follows:

Given A°, the unconstrained minimization of
step 2 determines a point where A® is a support hy-
perplane to wg(z). Then the vector A1, which is de-
termined by the iteration of step 3, is a support hy-
perplane to the primal functional w as shown in the
figure. The next unconstrained minimization determines
a point of support to wg(z) for the nyperplane AL,
This point is "projected" back on w(z) to determine
A2 and so on. The corresponding values of the dual
functional are the points where these hyperplanes inter-
sect the vertical axis. Proposition 3 guarantees that
these intersection points go up towards the optimal
value of the problem.

Figure 2.




For smaller €,w. has a sharper '"knee' which
increases the rate of convergence. This fact has been
substantiated by an analysis that due to space limita-
tion will be presented in a future publication.

In Fig. 3 we show the geometric interpretation OE
the pure penalty function method which results when X
is fixed and €y * 0. Figure 4 shows the geometric
interpretation of Algorithm 2 where Ak g updated via
the dual iteration and {ey} is the same sequence
tending to zero. It is apparent from the comparison of
the figures that the addition of the dual iteration
accelerates considerably the convergence. Effectively
this means that the algorithm will converge before €
is decreased to extremely low values.

Figure 3.

Figure 4.

III. Extension to the Nonconvex Case

Consider now the general nonlinear programming
problem

minimize f(x) (23)
subject to gi(x)S_O i=1,2,..m

hi(x) =0 j=1,2,..,p

where f,gi,hj are continuously differentiable func-
tions. The proposed algorithm has the same form as in
the convex programming problem. In Section 1 we saw
that the equality constraints can be handled by a qua-
dratic penalty term. Just as the ¢ penalty was
selected from a general class satisfying P1-P5, we can
introduce a class of penalties for equality constraints.
The quadratic choice happens to be one of the more ob-
vious examples. Consider a real valued twice differen-

tiable function 6:R~+ R satisfying the following six
properties.
(Pa) 8 (0)=0 (Pd)lim g ' (t)= - =
(Pb) 8'(0)=0 o
(Pc)lim g'(t)=+ = (Pe) p"(t)> 0 VteR
t >e (Pf) "0} =1
Examples:

1) ¢ (t) = 1/2 t?
For €>0 define g¢(t)= € g(t/e€).

Given Xk ¢ Rm,uk € RP,e >0 with X} >0,i=1,2,..m,
solve the unconstﬁained problem 1

2) g(t) = cosh t-1

C .k
minimize f(§)+i£l Ai ¢E[giéx)]+

*30p S R 00+ gy p[hy (0] (24)
where ¢ is as in Section 2 and g, is as defined
above. If x* 1s a solution point of (24) set

k+1_ ,k k .

A% 1= Aﬁ oL [%ﬁxk)] i=1,2,..m (25)
+ls + g =

M u; ea[hj (x7)] j=1,2,..p (26)

and repeat the iteration.

Unlike the convex case, convergence cannot be
guaranteed for arbitrary choices of %e and 6¢. The
unconstrained problem (24) may have only local minima
and convergence may depend on choosing € smaller than
some critical threshold. Conditions under which the
algorithm is convergent for non-convex problems will be
given in a future publication.

A geometrical interpretation based on the primal
functional can be made for the generalized algorithm.
In particular we can illustrate the case for a problem
with equality constraints only. We define the primal
functionals
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w(z)= inf f(x)
s.t. hj(x)=gbj=1,2,..,p

we(z) = inf f(x)+j§16€[hj (x)]
s.t. hj(x)=zjj=1p2,..,p

Clearly wg(z)=w(z)+ Zjeg(zj)
j=1

1£ 1K defines a support hyper- _

plane to wc(z) at z=z®, then

nk+1 defines a tangent hyper-

plane to w(z) at z=z". Figure

5 shows this relation,

Figure 5.

IV. Computational Experience

The algorithm of this paper was used to solve
some standard test problems and performed very satis-
factorily. It generally performed considerably better
than its equivalent penalty function version
(e*0,X fixed). Extensive experiments have been perfor-
med on only one convex problem, the Rosen-Suzuki pro-
blem [9]. The function ¢ chosen was the '‘quadratic-
reciprocal" function (9) and the unconstrained minimi-
zation routine was the Fletcher-Powell method (avail-
able on the IBM-360 as the "FMFP" Scientific Subrou-
tine). Two different methods of updating € were
used. In the first method ¢ was given an initial
moderate value €] which was reduced to a fixed value
gy for the second and subsequent minimizations. For
a wide range of values of €7 the number of function
evaluations for solving the problem was from 130 to 20
for six significant digit accuracy. The second method
of updating was by preselecting a sequence ¢g>0.
For various sequences and starting points the number
of function evaluations required were around 150. When
a sequence ggrOwas used but A was not updated, i.e.
the method was operated as a usual penalty function
method the number of function evaluations was around
380. The reduction in number of function evaluations
when X was updated was in the order of 50%-70% for a
variety of runs. Generally‘the performance of the
algorithm was relatively insensitive to the value and
method of updating of the parameter €. We note fin-
ally that from a limited number of experiments it was
indicated that some savings in computation time can be
obtained when only moderate accuracy is demanded in
the initial unconstrained minimizations.
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